We construct two infinite families of exotic fusion systems.
Introduction
Fusion systems were first introduced by Puig in the 1990s under the name Frobenius categories [14] and were rediscovered this century by Broto, Levi and Oliver [3] . The objective of this paper is to construct two infinite families of saturated fusion systems. Almost all of these fusion systems will be shown to be exotic, that is they are not the fusion system of any finite group. The fusion systems we construct were motivated by, unify and generalize the familiar saturated systems which originate from the fusion of p-subgroups in GL 3 (p a ) and GSp 4 (p a ) where, of course, p is a prime number, the exotic systems which are described in [4, Examples 5.5 and 5.6] and the examples constructed by the first author in [6, Theorem 6.6.1] . Other examples of exotic fusion systems are described by Ruiz and Viruel [16] , Díaz, Ruiz and Viruel [7] and most famously in [11] where Levi and Oliver present the only (known) examples which are defined over a 2-group. The p-groups the fusion systems are defined over are isomorphic to Sylow p-subgroups of semidirect products that arise naturally when we consider the basic irreducible GL 2 (p a )-modules over GF(p a ) as described by Brauer and Nesbitt in [2] . Indeed the fusion systems are obtained from a certain amalgam of the semidirect product of the type just described with a group which is a subgroup of a maximal parabolic subgroup in GL 3 (p a ) or GSp 4 (p a ) (see Section 4) . The authors feel that the existence of these fusion systems is closely related to the fact that the parabolic subgroups just mentioned have sections where "pushing-up" fails [10] . We remark that the p-groups the fusion systems are built on can have arbitrarily large p-rank and number of generators, but they have nilpotency class at most p and are metabelian. In Section 2 we present the definitions of fusion systems and saturated fusion systems as well as some basic facts about them. For a full discussion of the results in this section see [3] . In Section 3, we examine group amalgams, their associated coset graphs and the relationship between amalgams and saturated fusion systems. On the way we present a version (Theorem 3.1) of Robinson's Theorem [15] and a version of a theorem of Broto, Levi and Oliver [4, Lemma 4.2] which provides us with a criteria for fusion systems defined in free amalgamated products to be saturated. This result is stated as Theorem 3.2.
In Section 4 we construct the amalgams and Theorem 4.9 shows that the corresponding fusion systems in the free amalgamated product are saturated. We mention here for the readers that are familiar with [4] that [4, Theorem 5.1] can also be deployed to show that the amalgams we have constructed are saturated. Indeed, this is the approach taken in the first author's PhD thesis [6, Section 5.2, Corollary 5.2.7]. Section 5 is devoted to proving that the fusion systems defined in Section 4 are for the most part exotic. The main theorems are Theorems 5.1 and 5.2. The proof of the theorems first reduces the problem to showing that our fusion systems are either exotic or they are the fusion system of some almost simple group. There then follows a systematic family by family inspection of the simple groups as described by the classification of the finite simple groups to eliminate each possibility.
We use Aschbacher [1] for group theoretical notation. The background reference for free amalgamated products and their associated graphs is found in Serre's book [17] . Our notation for the finite simple groups and their close relatives will either follow [8] or will be self-explanatory.
Fusion systems
Let G be a group, g ∈ G and c g the inner automorphism of G determined by g. For P and Q subgroups of G the transporter from P into Q is N G (P , Q ) = g ∈ G P g Q and Inj(P , Q ) is the set of all injective homomorphisms from P into Q . For x ∈ N G (P , Q ), c x | P ,Q is the restriction of c x to the domain P and range Q . Define
Hom G (P , Q ) = c g | P ,Q g ∈ N G (P , Q ) .
Then Hom G (P , Q ) ⊆ Inj(P , Q ). For P G we set
Aut G (P ) = Hom G (P , P ) ∼ = N G (P )/C G (P ).
Definition 2.1. Let S be a group. A fusion system over S is a category F whose objects are the subgroups of S and whose morphisms satisfy the following properties:
(i) for any two subgroups P , Q of S,
(ii) the laws of composition in F are the same as those for composition of injective homomorphisms, (iii) any F -morphism can be factored as the composition of an F -isomorphism followed by an inclusion.
Suppose that F is a fusion system over S. To emphasize the fact that the morphisms between two subgroups P and Q of S in F are homomorphisms we denote Mor F (P , Q ) by Hom F (P , Q ). If there is an isomorphism in Hom F (P , Q ) then we say that P and Q are F -conjugate. Assume that P S
Before we define saturated fusion systems, we need to define one more subgroup. For φ ∈ Hom F (P , S) we set
Definition 2.2. Let p be a prime, S be a finite p-group and let F be a fusion system over S. Then F is saturated so long as:
(I) if P is fully F -normalized, then P is fully F -centralized and Aut S (P ) ∈ Syl p (Aut F (P )); and (II) if P S and φ ∈ Hom F (P , S) is such that P φ is fully F -centralized, then φ can be extended tō φ ∈ Hom F (N φ , S).
When we discuss fusion systems in infinite groups we require a notion of a Sylow p-subgroup, where p is a prime, which mirrors the property of Sylow p-subgroups in finite groups.
Definition 2.3.
Suppose that G is a group and S is a finite p-subgroup of G. Then S is called a Sylow p-subgroup of G provided every finite p-subgroup of G is conjugate to a subgroup of S.
The set of Sylow p-subgroups of a group G is denoted Syl p (G). Assume that G is a group, p is a prime and Syl
S. This fusion system is not generally saturated when G is
. We say that a fusion system is exotic if it is not isomorphic to the fusion system F S (G) of some finite group G with S ∈ Syl p (G). It is an exercise to show that
The next lemma partly explains the meaning of saturation in groups.
Lemma 2.4. Let G be a group with Sylow p-subgroup S. Suppose that F = F S (G) is saturated and let P be a subgroup of S. Then N G (P )/P has Sylow p-subgroups. Furthermore, if P is F -centric, R and T are finite p-subgroups of N G (P ) containing P and RC
Proof. Since the property in question is invariant under conjugation by elements from G, we may assume that P is fully F -normalized. Hence, by 2.
x ∈ Hom G (P x , S). Then P = P xβ and, as P is fully F -normalized, 2.2(I) implies that P is fully F -centralized. Therefore, as N β R x , β extends toβ ∈ Hom G (R x , S) by 2.2(II). Sinceβ = c y for some y ∈ G, we have that R xy S 0 . In particular, S 0 C G (P )/C G (P ) ∈ Syl p (G) and so the first part of the lemma holds. Furthermore, we note that, as c x extends β, xy ∈ C G (P ). Now suppose that P is F -centric and assume that RC G (P ) T C G (P ) where R and T are finite p-subgroups of N G (P ). Then, because S 0 ∈ Syl p (G), we may assume that T C G (P ) S 0 C G (P ). As we have just seen, there exist elements y, z
Hence, using P is F -centric and P T , we have We will apply Theorem 2.5 with H the set of all F -centric subgroups.
Fusion systems and amalgams
Suppose that G 1 , G 2 and G 12 are groups and, for i = 1, 2, φ i :
(isomorphic to) the free product of G 1 and G 2 factored by the normal subgroup generated by the set We need a modest generalization of [15, Theorem 1] . The proof is almost the same as that given in [15] though we write it in a slightly more graph theoretical way.
Theorem 3.1 (Robinson). Let p be a prime
Proof. Identify G 1 , G 2 and G 12 with subgroups of G. Suppose that Q is a finite p-subgroup of G. Then, as Q is finite, Q is conjugate in G to a subgroup of either G 1 or G 2 [17, Corollary, p. 36] . Since,
. We obviously have every morphism of F 0 is contained in F . We will show that F is the smallest fusion subsystem over S which contains
be the coset graph of G. Suppose that c f ∈ Hom F (Q , P ) (with appropriately restricted domain and range which from now on we suppress when they are self evident). Then Q f S G 1 and so Q fixes the vertex G 1 f . Thus, as Γ is a tree, Q fixes every vertex of the unique path π in Γ connecting the vertex G 1 to the vertex G 1 f . If π has length 0, then
It follows that c g
As r 1 ∈ G 12 , we conclude that c g
Hence there exists
S 2 and r −1
2 hr 1 ∈ G 2 , so we conclude that c r
Now assume that π has length 2n with n 2. Assume for an induction argument that for all X S 1 and y ∈ N G (X, S 1 ) with the distance of between G and G y less than 2n, c y is a morphism
f to Q f y −1 g 1 both of which are in S 1 . Furthermore, the distance between G 1 and
the same as that between G 1 and G 1 y −1 which is equal to the distance between G 1 and G 1 y. Hence
is a morphism in F 0 and the proof is complete. 2
The next result is inspired by the above theorem of Robinson's and by [4, Lemma 4.2] . Particularly, we note that the proof closely follows that in [4] .
Theorem 3.2. Let p be a prime, G
are saturated, we deduce from Alperin's Fusion Theorem (see [3, A.10] ) that every morphism in F S 1 (G) is a product of restrictions of morphisms between F S 1 (G)-centric subgroups. Hence Theorem 2.5 implies that it suffices to prove the two saturation axioms for F S 1 (G)-
Notice that N acts on Θ. Thus, as N is a finite group, Θ N is also a tree.
From the definition of the quotient graph, we may assume {G k x, G 3−k y} is an edge in Γ . Since Θ is a tree, it has no multiple edges and so there exists
and so our claim follows.
Hence
Since Θ is a tree, we infer that N fixes every vertex of the unique path joining
Since N fixes the vertex G 1 , our claim above shows that we may assume that N fixes Thus we obtain the following corollary of Theorem 3.2. 
Corollary 3.4. Let p be a prime, G
By [2, p. 588], the kD-submodules A(n, k) consisting of the homogeneous polynomials inĀ of degree n are irreducible kD-modules provided 0 n p − 1. Clearly dim k A(n, k) = n + 1. The modules, when restricted to the subgroup of D isomorphic to SL n (k), are none other than the n-th symmetric power of the natural SL 2 (k)-module of dimension 2. We assume that 1 n p − 1. In Lemmas 4.1 through 4.6, with some restrictions on n, we show that there are p-subgroups Q and R such that N P (Q ) ∼ = N P Q (S Q ) and N P (R) ∼ = N P R (S R ). Thus we may form the free amalgamated products P * N P (Q ) P Q and P * N P (R) P R . These free amalgamated products have S as Sylow p-subgroup by Theorem 3.1. The objective of this section is to explicitly construct these amalgams and certain subamalgams of finite index in these amalgams and then to show that the corresponding fusion systems over S are saturated. Proof. The first part of (i) is a special case of [13, Proposition 1] and is anyway easy to calculate.
To see that C i is the (n − i)-th term of the lower central series of S, we only need to see that C n−1 = [S, S]. As A and U are abelian, this is demonstrated as follows
For part (ii) we have that C 0 C A (S) by (i). Let j n be minimal so that C A (S) C j and C A (S)
It follows that j = 0 and so C A (S) = C 0 . A similar proof demonstrates that upper and lower central series have the same subgroups.
If (iii) were false then by (i), C A (x) ∩ C 1 > C 0 and it is easy to check that this is not the case.
A similar calculation, demonstrates the second claim.
Suppose that A 1 S is abelian of the same order as A and assume that 
Proof. Suppose that
A 0 < A. As A 0 = 1, A 0 ∩ C 0 = 1 by Lemma 4.2(ii). Let z = ax n ∈ A 0 ∩ C 0 and Y λ = 1, 1 λ 0 1 , 0 ∈ [D, D]U [P , P ]S A. Then [z, Y λ ] = aλx n−1 y + · · · + λ n ay n . Now A 0 C n−1 /C n−1 [z, Y λ ]C n−1 λ ∈ k = aλ n y n C n−1 λ ∈ k and |A : A 0 C n−1 | = p t for some t. On the other hand, |{λ n | λ ∈ k}| (|k|−1
)/n (|k|−1)/(p −1). Thus we deduce that t = 0 and
R and since B normalizes U and C 0 , we have N P (R) We recall that
and Then both ψ R and ψ Q are monomorphisms with image the set of upper triangular matrices of P R and P Q respectively. Furthermore, it is elementary to verify that ψ R (R)
Thus the following lemma holds.
Lemma 4.6. (i) N P (R) is isomorphic to a Borel subgroup of GL 3 (k) and the image of R is normal in P R ; and (ii) N P (Q ) is isomorphic to a Borel subgroup of GSp 4 (k) and the image of Q is normal in P Q .
Using ψ R and ψ Q we define the free amalgamated products
We identify P and P R as subgroups of F R and P and P Q as subgroups of
Lemma 4.7. Identified as subgroups of P , we have
Proof. To see this just take preimages under ψ X for X ∈ {Q , R}. 2
For X ∈ {Q , R}, form the free amalgamated products
for r a divisor of |k * |, let F (r, n, k, X) be the unique subgroup of F X containing F * X and of index r. We at last introduce the fusion systems which we will consider. Define
By Theorem 3.1, for X ∈ {Q , R}, F (r, n, k, X) is a fusion system over S.
Lemma 4.8. Let Z = Z (P (n, k)). Then
(i) |P ∩ P R : (L ∩ L R )Z | = (n + 2, |k * |); and (ii) |P ∩ P R : (L ∩ L R )Z | = (n, |k * |).
Proof. Just combine Lemmas 4.1 and 4.7. 2
Since the fusion system determined by a group is unchanged by adding a central subgroup, Lemma 4.8, shows that distinct fusion systems are only obtained for distinct divisors of (n + 2, |k * |) when X = R and distinct divisors of (n, |k * |) for X = Q .
Our main result of this section is the following theorem.
Theorem 4.9. The following hold:
(i) For all finite fields k, n 1 and divisors r of (n + 2, |k * |), F (r, n, k, R) is a saturated fusion system.
(ii) For all finite fields k of odd characteristic, n 2 and divisors r of (n, |k * |), F (r, n, k, Q ) is a saturated fusion system. Proof. Assume X ∈ {Q , R} and let F = F (r, n, k, X) with n and r as in the statement of the theorem. Let Γ be the coset graph of F = F (1, n, k, X) . Then Γ is a tree and F r = F (r, n, k, X) acts edge transitively on Γ . To ease notation we set G 12 
Y is also a tree. We will show that Γ Y is finite.
Consider the path (α, β, γ ). Suppose that α = G 1 , β = G 2 and γ = G 1 w where w ∈ G 2 \ G 1 and let
Similarly, but this time using Lemma 4. 
Proof. We consider F r as a subgroup of F and let Γ = Γ (F ). Then Γ is a tree. We will show that N F (A) = P and N F (X) = P X . If A P X , then A fixes the vertex P ∈ Γ and no other vertex. Thus N F (A) fixes P and we have N F (A) = N P (A) in this case. Assume that A P X . Then S = A X. Since (P X ∩ P )/X is strongly p-embedded in P X /X, P is the only neighbour of P X which is fixed by A. We conclude that P is the unique vertex its type in Γ which is fixed by A. Thus N F (A) fixes P and again we are done. We now consider the subgraph of Γ fixed by X . Using Lemma 4.5 we deduce that N F (X) = P X and this concludes the proof. 2
Lemma 4.11. S cannot be written as a direct product of two non-trivial subgroups.
Proof. Suppose that S = T 1 × T 2 where T 1 and T 2 are non-trivial. Then Z (S) 
Exotic fusion systems
The remainder of the paper is devoted to the proofs of our two main theorems which are as follows. In Theorem 5.2, we have not considered admissible tuples with n = 2. For these tuples r divides (n, |k * |) = 2. Thus we have omitted (1, 2, k, Q ) and (2, 2, k, Q ) where here k can be any finite field of odd characteristic. The fact that k must have characteristic at least 5 in Theorem 5.2 is simply because we always require n p − 1. Before embarking on the proof of the main theorems we show that the admissible tuples that are not included in the theorems actually are tuples coming from fusion systems in groups.
Lemma 5.3. We have the following isomorphisms.
(i) F (1, 1, k, R) is isomorphic to the fusion system F T (H) where H ∼ = PGL 3 (k) and T ∈ Syl p (H).
(ii) When 3 divides |k * | , F (3, 1, k, R) is isomorphic to the fusion system F T (H) where H ∼ = PSL 3 (k) and
Proof. The map ψ R introduced just before Lemma 4.6 extends to an isomorphism between P (1, k) Similarly, the map ψ Q extends to an isomorphism between P (2, k) and the parabolic subgroup . 5) and (M, 7) . In the first two cases, we have that |S| = 5 6 and so, as |A| q 4 , we infer that q = 5 and that |A| = 5 5 . This is a contradiction as the 5-rank of HN and B is 3 [8, 
